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Abstract The electromechanical properties of ferroelec-

tric thin films under an alternating electric field and a static

uniaxial compressive stress are investigated using the

modified planar four-state Potts model. To implement

the electromechanical properties and the coupling of the

electrical and mechanical response, the mechanical energy

density as well as the energy due to anisotropic switching

between a-domain and c-domain are incorporated in the

Hamiltonian. Besides, there are two contributions to the

strain at each cell: eigenstrain and elastic strain. Our sim-

ulation results show that the longitudinal strain-electric

field butterfly loop shifts downward along strain axis and

that for the transverse strain shifts upward as the stress

magnitude is increased. Moreover, the polarization-electric

field hysteresis loop becomes a double-loop under a large

compressive stress. The piezoelectric coefficient increases

with the stress magnitude and reaches a maximum value at

a critical stress level. It then gradually decreases to a small

value at large stress magnitudes. Our results qualitatively

agree with experimental ones.

Introduction

Ferroelectric thin films, by virtue of their coupled elec-

tromechanical characteristics, have been widely recognized

for their potential utility in a large number of micro-elec-

tromechanical systems (MEMS) applications, including

high-frequency ultrasonic transducers, accelerometers,

pumps, and motors [1, 2]. The suitability of ferroelectric

materials for MEMS application depends on their inherent

high dielectric and piezoelectric responses [3, 4]. Investi-

gations have shown that their macroscopic response to

mechanical and electrical loadings is strongly related to

their microstructural domain configurations [5, 6]. The

application of electric field or mechanical loading in excess

of a critical magnitude can induce a dipole rotation inside a

domain, which subsequently results in both ferroelectric

and ferroelastic domain switching. In particular, non-180�
domain switching is usually suggested as the origin for the

enhanced macroscopic strain response in ferroelectric thin

films. Consequently, a better understanding of the rela-

tionship between the domain configuration and the material

properties can provide guidelines to optimize the electro-

mechanical properties by manipulating the stress, which is

crucial for the design of ferroelectric film-based electro-

mechanical devices.

Some researchers have performed experimental investi-

gations on the dielectric and piezoelectric response of fer-

roelectric materials under combined electro-mechanical

loadings. Zhou and Kamlah [7] measured the polarization

and strain responses of soft lead zirconate titanate piez-

oceramics under different combined electromechanical

loading conditions. Significantly enhanced dielectric and

piezoelectric performance was observed within a small

prestress range. Chaplya et al. also presented that the

influence of electro-thermo-mechanical conditions on the

actuation capabilities of five commercial piezoelectric stack

actuators. Their results indicate that strain output could be

increased by 60% for some actuators upon the application

of a certain uniaxial compressive prestress [8]. Recently,

H.-X. Cao (&) � Z.-Y. Li

Department of Physics, Jiangsu Key Laboratory of Thin Films,

Soochow University, Suzhou 215006, China

e-mail: hxcao@suda.edu.cn

H.-X. Cao � V. C. Lo

Department of Applied Physics, The Hong Kong Polytechnic

University, Hong Kong, China

123

J Mater Sci (2009) 44:5256–5262

DOI 10.1007/s10853-009-3537-1



Duan et al. studied tetragonal PbTiO3 under uniaxial stress

along the c-axis from first-principles. They found that the

uniaxial compressive stress could enhance the piezoelectric

stress coefficients, whereas the uniaxial tensile stress could

enhance the piezoelectric strain coefficients [9]. On the

other hand, the dynamic piezoelectric response of ferro-

electric materials is comprised of intrinsic (piezoelectric

lattice strain) and extrinsic (non-180� domain wall motion)

components. Various attempts have been carried out to

explore the 90� domain switching contribution to the

dynamic polarization and piezoelectric behavior in ferro-

electric materials. One of the most notable examples is the

endeavor by Burcsu et al. in which the strain induced by 90�
domain switching in barium titanate single crystals under

combined electrical and mechanical loadings was exam-

ined, and a strain of nearly 0.8% was observed under the

combined loading condition of 1.78 MPa compressive

stress and 1 MV m-1 electric field [10]. Besides, local

strain analysis for a BaTiO3 single crystal under electric

loading was conducted using X-ray microdiffraction tech-

nique. During the polarization reversal, local 90� domain

switching was observed and contributed to the local strain

distributions [11]. Therefore, it is significantly crucial to

investigate the domain switching process in the microscopic

scale under coupled electromechanical loadings since 90�
domain switching is not only strongly affected by applied

stress but also related to the dielectric and piezoelectric

properties of ferroelectric materials [12–14].

Although the electromechanical properties of ferroelec-

tric thin films under the combined electrical and mechanical

loadings have been extensively investigated by various

experimental techniques [15–17], a number of important

aspects of the nonlinear behavior, such as the mechanism of

polarization switching and the effect of 90� domain

switching on piezoelectric coefficients and strain, are still

not well understood. Some researchers analyzed the

mechanical effect by superimposing a coupling term

between the strain and polarization in the Landau–Ginzburg

(LG) theory [18–20]. As we know, the LG theory is a

macroscopic phenomenological theory which cannot

describe the detailed relation between the dipole and the

strain in the microscopic scale. In addition, although q-state

Potts model was introduced to investigate the dynamic

hysteresis by Monte Carlo simulation [21, 22], the stress

effect was not taken into consideration. Therefore, the main

focus of this work is to investigate the role of stress on the

domain configuration which influences the electromechan-

ical properties in ferroelectric thin films. In a previous paper,

we have successfully explored the dielectric and strain

response of ferroelectric thin films by this approach [23].

However, the piezoelectric and strain response driven by

combined electrical and uniaxial compressive loadings has

never been tackled before. Thus, we will explore the impact

of uniaxial compressive stress on the dynamic hysteresis,

longitudinal and transverse strain, piezoelectric coefficients

d33 and d31 of multi-domain ferroelectric thin films.

Modeling and simulation

In this paper, it is assumed that all physical properties only

vary along the thickness direction while remaining uniform

over the transverse (xy) plane. All kinetics along the y

direction can be equally replaced by those along the x

direction because of the invariance of ferroelectric prop-

erties along the transverse plane. Consequently, the ferro-

electric thin film can be represented by a two-dimensional

array of rectangles Nx 9 Nz, where Nx and Nz are the

numbers of rectangles along x (transverse) and z (thickness)

directions, respectively. Each of the rectangles represents a

perovskite cell in tetragonal phase lying on the x–z plane.

The location of a rectangle in the film can be described by a

pair of indices (i, j), where 0 \ i B Nx and 0 \ j B Nz. The

dipole of each cell can be denoted by a state variable,

which is called a pseudo-spin matrix Ŝij: There are four

possible states for the matrix: a (?z direction), b (?x

direction), c (-z direction), and d (-x direction). The

explicit values for these states in matrix form are

Ŝij ¼
1

0

� �
in state að Þ; Ŝij ¼

0

1

� �
in state bð Þ;

Ŝij ¼
�1

0

� �
in state cð Þ; Ŝij ¼

0

�1

� �
in state dð Þ:

ð1Þ

The Hamiltonian of the system can be expressed as

H ¼ �
X
ij;kmh i

J0ŜT
ij Ŝkm �

X
ij

p0ÊTŜij �
X

ij

r̂Têij þ H0; ð2Þ

where the superscript T indicates transposition of a matrix.

In Eq. 2, the first term corresponds to the interaction of

nearest-neighboring dipoles, where J0 is the coupling

coefficient through nearest-neighboring dipole–dipole

interaction. The second term represents the coupling

energy between the dipole and the external field, where

p0 is the magnitude of the dipole moment in one perovskite

cell. The electric field Ê can be denoted by a column

matrix such that

Ê ¼ Ez

Ex

� �
; ð3Þ

where Ez and Ex are the components along z and x

directions, respectively. In this paper, we only concentrate

on the case of the external field along z direction

Ez = Em sin(2pt/C), Ex = 0, where t is the time and C
the period. The third term corresponds to the coupling
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energy between the stress r̂ij and the strain êij: The stress

state r̂ij can be represented as the following matrix:

r̂ij ¼
rl

rt

� �
; ð4Þ

where rl is the component normal to the film surface and rt

tangential to the surface. We only consider the uniaxial

stress in this paper (rt = 0). êij denotes the strain state of

each cell, which is composed of two parts: the eigenstrain

êeigen
ij and the elastic strain êelastic

ij : The eigenstrain êeigen
ij can

be written as

êeigen
ij ¼

e0

�e0=2

� �
in state a or cð Þ and

êeigen
ij ¼

�e0

e0=2

� �
in state b or dð Þ; ð5Þ

where e0 is the magnitude of longitudinal eigenstrain in the

unit cell. Li and Weng [24] have also suggested a similar

association between the polarization direction and the

eigenstrain state. The eigenstrain is associated with

the switching of dipole. The elastic strain êelastic
ij can be

expressed as follows:

êelastic
ij ¼ 1

Y

1 �m
�m 1

� �
rl

rt

� �
; ð6Þ

where m and Y are Poisson ratio and Young’s modulus,

respectively. The fourth term H0 represents the anisotropic

switching effect, which represents the inequality in

probabilities (or energy) for a dipole switching from a

longitudinal orientation to a transverse one, and vice versa.

Recently, experimental research has confirmed the domain

switching anisotropy in poled lead titanate zirconate

ceramics under electromechanical loadings [25]. H0 can

be expressed as

H0 ¼ �
X

ij

w /c � /að Þ n̂TŜij

�� ��; ð7Þ

where /c represents the switching anisotropy parameter

and /a ¼ 1� /c; w is the energy barrier between a- and

c-domains, n̂T is the transpose matrix of the unit matrix

n̂ ¼ 1

0

� �
:

In our simulation, periodic boundary condition is chosen

for the pseudo-spins at the transverse edges and free

boundary condition for both the top and bottom surfaces.

The initialization of pseudo-spins has been described pre-

viously [26]. Only the dipoles at the domain walls [2] are

allowed to rotate by a 90� rotation, either along clockwise

or counterclockwise direction. This rotation is associated

with the distortion of cell, which can be described by the

eigenstrain states, as expressed in Eqs. 1 and 5. Conse-

quently, a dipole at the domain walls is randomly selected.

Whether it is allowed to rotate or not is determined by the

Metropolis algorithm as described previously [26].

On the other hand, in order to simulate a time-depen-

dent process, the number of computational steps must be

scaled with some characterization time of the system.

Considering an initially unpoled system subject to a

positive dc field, dipoles inside the film rotate sequen-

tially. The overall polarization gradually increases until it

finally attains a steady-state value. The switching time is

then defined as the time required to achieve 99% of the

steady-state value. It can be shown that this switching

time should be independent of the selection of the grid

size for the system. In our simulation, the relation

between the Monte Carlo step tMCS and physical time treal

can be expressed as

tMCS ¼ treal

NxNz

Dt
: ð8Þ

where Dt is the infinitesimally small time step. The external

alternating electric field can then be expressed as

Ez ¼ E0 sin
2pt

C

� �
¼ E0 sin

2ptMCS

CMCS

� �
; ð9Þ

where CMCS ¼ Creal NxNzð Þ=Dt.
The polarization can be calculated by the ensemble

average of the system, such that

Pz ¼
P

i;j ŜT
ij � n̂

n o
NxNz

: ð10Þ

The longitudinal strain el and the transverse strain et are

evaluated by

el ¼
1

NxNz

X
ij

n̂T êij � ê0
ij

� �
; ð11Þ

et ¼
1

NxNz

X
ij

q̂T êij � ê0
ij

� �
; ð12Þ

where ê0
ij is the initial strain matrix for each cell, and q̂ ¼

0

1

� �
is the unit matrix along the transverse direction.

The piezoelectric coefficients, d33 and d31, are approx-

imately calculated by

d33 ¼
Del

DEz

����
Ez¼0

; ð13Þ

d31 ¼
Det

DEz

����
Ez¼0

: ð14Þ

The calculated d33 and d31 are nearly equal to the slopes of

the el - Ez and et - Ez curves as the electric field passes

through zero.
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Results and discussion

In our simulation, we have adopted the following numer-

ical parameters: C = 400, E0 = 1.5, T = 1.2, e0 = 0.5,

w = 0.8, Y = 2.0, m = 0.3, /c = 0.6, Nx = 150, and

Nz = 80. We have systematically discussed the impact of

stress on the polarization and dielectric properties of fer-

roelectric thin films using this set of dimensionless

parameters, which can be used to explain the generic

electromechanical behaviors found in perovskite oxides

[23].

It is a well-known fact that the nonlinear behavior of

ferroelectric thin films can be attributed to the polarization

switching through the domain wall movements. If it is

possible to analyze hysteresis loop in details, all informa-

tion about domain switching behavior can be obtained

exactly. A series of the polarization versus electric field

hysteresis (or P–E) loops under different uniaxial com-

pressive stress values (rl = -0.4, -0.8, -1.4, -1.6) are

plotted in Fig. 1. For small stress magnitudes, (rl = -0.4,

-0.8), both the remanent polarization and the coercive

field are reduced, which can be attributed to the depolar-

ization induced by mechanical loading through 90� ferro-

elastic domain switching process. This is accompanied by

an earlier start and later ending of the switching process,

which is also called ‘‘soft’’ switching behavior, in analogy

to ferromagnetic materials. The uniaxial compressive stress

forces more domains to be reoriented perpendicular to the

electric field so as to contribute to the polarization

switching. The slope of the P–E hysteresis loop at zero

electric field, which represents the permittivity of the

ferroelectric thin films in the remanent state, increases with

the increase of the compressive stress. On increasing the

stress magnitude, the hysteresis loop becomes ‘‘slim’’ and

the loop area shrinks, which is directly related to the

amount of domains participating in the switching process

over a cycle. It is clear that the amount of domains par-

ticipating in polarization switching decreases when the

stress magnitude is larger than a critical value. Moreover,

for large compressive stress, the hysteresis loop has the

double-loop feature (rl = - 1.4, and -1.6). Both the

remanent polarization and coercive field are reduced to

zero. It can be understood that the large uniaxial com-

pressive stress suppress the polarization along z direction,

and only an exceeding large electric field can switch the

dipole. In particular, in the case of large compressive stress

(rl), only a very large external field can align dipoles along

z direction and the loop area obviously shrinks, which

implies that relatively few domains participate in polari-

zation reversal under such a high stress loading. Similar

phenomenon has been observed by Granzow et al. [27],

from the impact of defect structure on the polarization and

strain response of iron-doped lead zirconate titanate. This

effect can be explained by the introduction of extra oxygen

vacancies. Although the physical reasons for the phenom-

ena are different, both the cases are strongly associated

with the domain switching process.

The butterfly loops for longitudinal strain el and trans-

verse strain et versus electric field at various magnitudes of

uniaxial compressive stress are shown in Fig. 2a and b,

respectively. The numeric labels in these figures are the

stress values. The solid and dash lines are the simulation

results taking into account the contribution of elastic strain

and those without the contribution of elastic strain,

respectively, under a given compressive stress rl. Similar

butterfly loop can be found in Ref. [28], which demon-

strated the effect of uniaxial preload stress on the ferro-

electric hysteretic response of soft lead zirconate titanate.

One of the most notable features from these loops is that

el - Ez loop shifts toward the negative strain direction and

et - Ez shifts toward the opposite direction as the stress

level increases. For instance, at a given compressive stress

rl = - 0.4, el - Ez curve shifts to the negative strain

direction if the elastic strain contribution is considered.

Besides, we have found that the longitudinal (transverse)

strain-electric field loop does not shift along the strain axis

while neglecting the contribution of elastic strain. Here, we

only show the results with and without the elastic strain for

the given compressive stress rl = -0.4 in order to com-

pare with those without the elastic stress. As pointed out by

Lynch [29], there are two different contributions of strains

in response to the applied stress. The first one is the

eigenstrain, i.e. the deformation of a perovskite cell is

Fig. 1 The polarization versus electric field hysteresis loops under

different uniaxial compressive stresses (rl = -0.4, -0.8, -1.4,

-1.6)
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associated with the rotation of dipole so that there is a

connection between the strain states and the dipole states of

the cell. This contribution is accountable to formation of

the butterfly loop. The second one is the elastic deforma-

tion, which is merely the mechanical property of material.

The contribution of elastic strain results in the vertical shift

of the butterfly loop. Therefore, the elastic strain should be

taken into consideration. The loop area for both longitu-

dinal and transverse strains is gradually enlarged on

increasing the compressive stress, and attains a maximum

loop area when the stress value is about -1.2. This indi-

cates that the strain amplitude Del between the maximum

and minimum value of strain el has a maximum value while

rl = -1.2. The loop area then gradually shrinks and finally

reduces to a horizontal line at a very large stress value

(rl = -1.8). In general, the longitudinal compressive

stress induces the dipoles to be preferentially aligned along

the film (both states b and d), but the longitudinal electric

field drives them to switch to energetically favorable states,

either state a or c. The switching of dipole results in a large

deformation of the sample because of a larger change in

ferroelastic strain. Under a small compressive stress, the

competition between the longitudinal compressive stress

and longitudinal electric field not only enlarges the but-

terfly loop area, but also broaden the loop to the large

magnitude of electric field. However, under a large com-

pressive stress (rl = -1.6), only a very large electric field

can switch the dipole. Consequently, a small loop appears

at a large field magnitude while there is no change in strain

when the field magnitude is small. This means the strain

changes only if the external field exceeds a certain value.

The clamping the dipoles along the transverse plane at

small electric field and large compressive stress explains

this double-loop feature. This behavior is also reflected by

the hysteresis loop, as shown in Fig. 1. With further

increase in the compressive stress, all dipoles are clamped

along the transverse direction and the switching is difficult.

The loop area then becomes smaller and is finally con-

stricted to a horizontal line. It can be concluded that the

elastic strain plays a crucial role in the vertical shift of

strain-external field butterfly loop. Our theoretical results

are in good agreement with the experimental ones [28],

which revealed that the superimposed compression load

had a significant impact on the longitudinal/transverse

strain-electric field response under combined electrome-

chanical loadings.

On the other hand, both the stress-induced ferroelastic

domain switching and stress clamping play a crucial role in

the piezoelectric performance of ferroelectric films. Many

experimental investigations have focused on the depen-

dence of piezoelectric behavior of ferroelectric materials

on the uniaxial stress. For instance, the effect of uniaxial

compressive stress on the piezoelectric coefficients d33 and

d31 in lead zirconate titanate has been experimentally

investigated by Zhao and Zhang [30], where the piezo-

electric coefficients showed a non-linear behavior with a

initial increase in d33 and d31 as the stress increases fol-

lowed by a significant decrease. In order to compare with

the experimental results, Fig. 3a and b displays the uniaxial

compressive stress dependence of piezoelectric coefficient

d33 and d31. The magnitudes of piezoelectric coefficient d33

and d31 initially increase with the stress magnitude,

reaching the peak values at a critical stress. Thereafter, the

magnitudes of d33 and d31 decrease quickly on further

increasing the stress magnitude and finally approach zero,

(a)

(b)

Fig. 2 The longitudinal strain el (a) and transverse strain et (b) versus

electric field butterfly-type hysteresis loop curves at various stress

levels. The numeric labels are values of compressive stresses
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which indicates that there is hardly any piezoelectric effect

under such high compressive stress loading. This well

agrees with the experimental results [28, 30].

Conclusion

In summary, we have developed a modified planar four-

state Potts model to investigate the electromechanical

properties in the ferroelectric thin films under an alternat-

ing electric field and static uniaxial compressive stress. We

introduce the coupling interaction energy between the

strain and the stress, as well as the anisotropic domain

switching energy between a-domain and c-domain into the

Hamiltonian. Besides, the strain can be divided into

eigenstrain and elastic strain. By use of the Monte Carlo

simulation, the influence of uniaxial compressive stress on

the hysteresis loop, butterfly loops for longitudinal and

transverse strains, and piezoelectric coefficients is ana-

lyzed. We have shown that uniaxial compressive stress can

not only reduce the remanent polarization but also reduce

the coercive field for a small compressive stress. Then, the

two-loop feature occurs in the case of large compressive

stress. Besides, the vertical shift for longitudinal and

transverse butterfly strain-external field is simulated. Fur-

thermore, the piezoelectric coefficient d33 and d31 reach the

peak values at a specific uniaxial compressive stress. These

results indicate that both the uniaxial compressive stress

and the domain configuration have a significant influence

on the electromechanical performance of the ferroelectric

thin films. Our results are in good agreement with the

experimental ones.

Finally, it should be noted that the internal strains aris-

ing from the lattice mismatch and the thermal expansion

mismatch between the film and the substrate also play a

significant role in the electromechanical properties of fer-

roelectric films in addition to the external loading. Espe-

cially, in-plane anisotropic misfit strain may appear for the

film grown on a dissimilar tetragonal or orthorhombic

substrate. These strains determine the domain distribution

for the multi-domain film. Therefore, we will develop a

Monte Carlo algorithm based on the three-dimensional q-

state Potts model to deal with the technologically important

multi-domain ferroelectric ceramics, taking into account

both the internal misfit strains and external loading.
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